ABSTRACT. This paper presents a case study of table reservation practice for restaurant business within Walt Disney World. A unique feature here is to consider table combination to capture revenue potentials from different party sizes and at different time periods. For example, a party of large size can be served by combining two or more small tables. A mixed integer programming (MIP) model is developed to make the reservation recommendation. We propose a rolling horizon reservation policy such that the value of a particular table is periodically evaluated and updated. This is a typical revenue management method in the airlines and other industries, the essence of which is to compare the future expected revenue with a currently offered price. Using historical data, numerical test shows a significant revenue improvement potential from our proposed model.
INTRODUCTION
This paper conducts a study for table reservation in the restaurant business based on the practices at Walt Disney World. The Disney theme park area restaurants have seen a significant increase of demand in recent years. Restaurants are often booked out well before the dining hours. Often parties of high revenue potentials are declined upon arrival because the seating capacity has been occupied by earlier arriving customers. Managing the increasing demand, pricing and table utilization is critical to the restaurant business profitability.
The key here is to determine the value for each seat of each table at each time period so that the reservation requests of different size can be decided to be either accepted or denied to maximize not only the table utilization but also the seat utilization. For instance, if a table size of four is available tomorrow and if our forecast shows a strong demand for party of size four, we can make the decision whether to book this table out to a request from a part of size two.
The restaurant table reservation is a well-defined problem. Specifically, in this problem, a restaurant has a set of service tables. The tables each have a number of seats available for dining. There are a number of fixed time periods of a certain interval, thirty minutes in this study, in each of which there is a number of requests for reservations. The size of a reservation is represented by the number of seats requested. Each reservation brings deterministic revenue to the restaurant often relevant to the party size. In addition, the dining duration of a reservation could span several time periods, largely determined by the party size. Tables and seats are allowed to combine to satisfy demand of larger groups. The objective is to make assignment of reservations to tables in order to maximize the total expected revenue from the accommodated demand. The request that cannot find a table assignment is declined.
This represents a deterministic version of the restaurant reservation management problem. The average revenue and dining duration of each party size are obtained from estimates using historical data. We assume that a dining duration belongs to a normal distribution. According to the time of day (e.g., noon, afternoon, evening and night), we calculate the mean and the variance of dining duration for each party size, then add one sigma (σ ) on the average of party dining duration to determine the duration period k to reduce party waiting time, where σ is the standard deviation. This is a combinatorial problem to match parties of sizes to tables of different seating capacity. A special feature in this problem is to allow table combination. For example, a group of six could be assigned to a combination of tables with four and two seats respectively, or two tables of four seats each, or tables of other combinations according to the actual situation. In addition, we assume that demand starts at the beginning of every half hour from 16:00 to 22:00. In this paper, a total of 12 different dining periods are considered each day according to market segmentation, and party sizes range from one to eight. Since party sizes above eight are rare, we combine them into the size eight through special arrangements in the data.
We develop a mixed integer programming (MIP) model to make reservation assignment to tables that considers table combinations. We propose a reservation policy in such a way that the value of a particular table is periodically evaluated via the MIP algorithm. Each time new reservations are requested, the assignment model is applied. The linear programming (LP) relaxation of the table assignment model gives dual values of tables. The dual values are often referred to as bid price in the revenue management literature. A reservation is accepted if its expected revenue out pays the currently estimated bid price; and the reservation is rejected, otherwise. Equivalently, if the assignment model assigns tables to a reservation, it means that the potential revenue from this reservation is higher than the bid price of the tables assigned and that the reservation is accepted. The LP relaxation of this MIP model is repeatedly applied to periodically update the bid prices on a rolling time horizon as demand is being unfolded. This revenue management problem bears much similarity essentially to the literature in the airlines and other industries. 
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The paper is organized as follows. Section 2 provides a literature review. In section 3, we present  a MIP program for table assignment without table combination followed by a MIP and an efficient heuristic that consider table combination . Section 4 presents numerical tests. We conclude this paper in Section 5. ). This statement is particular true in this restaurant case since the cost-based pricing would lower the price to almost zero (without considering the opportunity cost) and competition-based pricing is impossible to evaluate due to the lack of similar product (Disney theme park restaurant). Among the major obstacles to implement value-based pricing (Hinterhuber, 2008), the difficulties in making value assessments are solved by the mathematical model presented in the next section, and the difficulty in customer communication is not a problem because the restaurant simply accepts or rejects reservation request. Sales force is trained and regulated by the software built upon our model, which help reducing operational complexity. Most importantly, most the senior management trusts the value-based pricing approach. It is observed that restaurants may combine small tables to serve large parties during the peak hour. Some literature focuses on the table mix to maintain the capacity of a restaurant (Kimes & Thompson, 2004 Thompson, , 2005 Thompson, 2003 Thompson, , 2011b and they tried to develop some high level strategies to determine the best table mix for a restaurant. Since small parties typically spend more per person compared to larger parties, and they take shorter time to occupy the table, the restaurant might not be willing to serve large parties, especially for a small size restaurant. Interestingly, Thompson (2002) found that for restaurants bigger than 50 seats, combining tables may not always be profitable. The issue is that tables to be combined usually don't free up at the same time, necessitating that a table be placed on hold, until the adjacent table becomes free. A recent study (Thompson, 2011a ) examined a phenomenon of so called cherry-picking customers -serving the high value customers and denying service to low value customers. Size of tables is found to be one of the important factors influencing this phenomenon.
LITERATURE REVIEW
Recent study of Wang et al. (2017) identified the mismatch between size and value when a restaurant that receives booking requests from customer parties elects to cherry-pick among the intending parties, and proposed the average spending per person per minute is a better indicator for evaluating any intending party's real value. Thompson (2016) developed a strategic planning tool to determine the best mix of tables in a restaurant. Based on the user inputs, the toll, which uses the Solver add-in for Microsoft Excel, returns the recommended table mix for greatest revenue.
This paper presents a novel valued-based pricing approach and a MIP model to assign table tops to reservations to maximize the total expected revenue. The essence here is to evaluate customer characteristics and table capacity so that each table is priced optimally. Then the table reservations are treated as products and are sold to the parties having higher revenue potentials only. This problem has a unique feature that allows table combination to satisfy requests from large groups when profitable.
We adopt SAS OR TM (version 9.22) to solve the mathematical model. Table combination implies production of a new product. The elementary tables can be considered as resources. These resources yield products. Another unique feature of this problem is that the dining duration of each party spans multiple periods, and is of varying length.
PROBLEM FORMULATIONS AND ALGORITHM
In this section, we first present an LP model that does not allow combining tables.
Table Assignment without Combination
The assignment model without table combination provides a baseline to the revenue management.
Subject to: 
In the LP relaxation model, the dual value associated with constraint (1.4) presents the bid-price for table j over moment k. This is defined as bid-price and it is the most important indicator to guide the decision when the customer requests a reservation. The reservation is accepted if its expected revenue out pays the bid price; and the reservation is rejected, otherwise. The model is repeatedly applied to give update of bid prices as demand is being unfolded.

Table Assignment with Combination
Table combination normally results in an increased capacity to serve the larger parties and an increased utilization of, and therefore an increased value of, smaller tables.
Our next model, Program 1, explicitly considers table combination, and it expands the model in Program 0. For example, a party of size six can be accommodated with three tables of size two, or two tables of sizes two and four respectively, or two tables of both sizes four. In our model below, we specifically propose a way to model table combination by using the ratio of table size over party size. Denote by θ i j the ratio of the j th table size over the ith party size. We require that the sum of ratios from tables assigned to a party be no less than 1.0. Take an example of a party of six just mentioned, the total sum of ratios according to the three assignment methods is as follows, where the numerators are for seating capacities and denominator the party size. Before we present the formulation, we introduce the notation below. 
Subject to:
3)
In Program 1, every reservation request is assigned to a 
The objective function in (3.1) maximizes the total revenue from assigning the parties to the tables while it minimizes the table combination since combining tables always comes with some labor cost. The minimization of the labor cost is a secondary priority for this objective function. Therefore, the value of parameter c i j should be very small compared to r j . This cost can be an arbitrarily small value associated with variable x i j .
Constraint (3.2) means each party must be covered with sufficient seats if it is assigned to table(s).
We illustrate through an example. If a party of six is assigned to tables of two and four seats, then 2/6 + 4/6 = 1; if a party of six is assigned to two tables of four seats each, we have accordingly 4/6 + 4/6 = 4/3: both satisfy constraint (3.2).
Constraint (3.3) prescribes that in each interval, a table can have at most one party at time.
Similar with constraint (1.4) and (2.3), the dual values associated with constraint (3.3) represent the bid-price to guide reservation decisions.
Constraint (3.4) limits the assignment to table availability and size. Constraints (3.5) and (3.6) are binary constraints.
Proposition 1. Program 1 and Program 2 have the same set of table assignments
and an identical total revenue from their respective optimal assignments. Proposition 1 is clear by considering a special situation as follows. Set aside one and only one dummy table exclusively for each reservation. Suppose that dummy table j is set aside for reservation i, which means x i j ≤ 1. Additionally, make θ i j = 1.0 and δ i j = 1.0. Slightly changing constraint (3.2) into the form k∈T \{ j } θ ik x ik ≥ 1.0 − x i j , ∀i ∈ P, one can see that both programs are equivalent by making y i = 1 − x i j . In addition, setting more or less dummy tables of varying sizes would not improve Program 1. One can also find the objective functions of Program 2 is the opposite of that of program 1 plus a constant term i∈P j ∈T r i x i j .
Heuristic Method for Table Assignments
In the following, we always refer to Program 2 as our new model. Program 2 can be directly solved by the branch-and-bound (B&B) algorithm for almost all the cases as in our subsequent tests through SAS OR TM version 9.22. The direct adoption of B&B method does not guarantee an optimal solution within a reasonable amount of time. We propose a heuristic to find an initial feasible solution to Program 2 to accomplish two goals: to have a high quality initial solution to read in the B&B process to expedite the solution (Geoffrion et al., 1972) , and the other is to always ensure that a solution is found quickly. Our numerical experiments show that the heuristic provides an acceptable solution. The heuristic can be implemented in an environment in which optimization software is not available.
Below, we introduce the proposed heuristic to which we refer to as Algorithm 1. Step 2. Set the according x i j = 1. Determine the available table time occupied by the assigned party. Select the assigned party from the sorted party list. Go back to Step 1.
Step 3. Stop if the reservations are completed, i.e., a feasible assignment of parties to tables is identified. Otherwise, go to step 1.
The feasible solution from Algorithm 1 serves as a lower bound to Program 2. Program 2 can be set with a time limit or the optimality gap to further improve the solution by the method branch and bound. Note that by slightly modifying the procedure accordingly, this heuristic also applies to the case without table combination.
NUMERICAL TESTS
The numerical test uses a DELL OPTIPLEX 760 machine with an Intel Core (TM) 2 Quad processor Q8400 both with 2.66 GHz and 4.00 GB of RAM. The operating system is Windows 7. The optimization software SAS OR TM version 9.22 is used to solve the Program 2. We set a time limit on the maximum solution time to be 3600 seconds for each instance.
The demand is provided based on the restaurant's historical data. A sample demand data around dinner time is shown on Table 1 , where the arrival and departure times indicate the dining periods of the parties. The departure time is estimated by our algorithm according to the historical dining deuration. A sample party data is illustrated on Table 2 shows an example expected revenue and time duration of each party size.
The comparison among four methods is conducted with a comprehensive set of instances. Each instance is characterized by respective mix of table sizes and party sizes. Table 3 presents 6 cases, each having a different mix of party sizes. Table 4 shows the mixed table sizes. Combination of Table 3 and Table 4 provides an extensive range of realistic situations with which the models are evaluated. Table 5 shows the performances of four methods that we study in this paper. The table specifies the computational time (CPU measured in second) followed by the number of the parties, the total number of guests served (guest), and the total revenue (revenue). Due to the nature of the MIP program, some instances, as marked with an asterisk (*), are not solved optimally within one hour limit. In that case, a percentage gap between the best solution found and the best upper bound to the optimal solution through the B&B algorithm is provided in parenthesis. The solution time in those cases is the time the best solution was first found. For example, in Case 1 and Mix 1, Program 2 does not solve optimally within an hour. However, the best solution by the end of an hour was first found in 664 seconds. Program 2 solves a case optimally if no optimality gap is specifically labeled for a case. Note that Program 0 solves all the cases optimally almost instantly. 
CONCLUSION
As a research project at Walt Disney World, we study a table reservation problem for restaurant revenue management. This is a special revenue management problem with unique features compared with the airline and hotel industries. In this problem, resources are each provided in blocks (e.g. tables with multiple seats), and that products (e.g. a combination of one or more tables for parties of varying sizes) consume multiple resources. A block of resource cannot be split to satisfy two different requests. In addition, each request has a varying dining time. We propose a value-based approach to price each table as a resource via linear programming, which is then used to guide real time reservation decisions. A MIP model is solved in both optimal and heuristic methods to achieve assignment when planning.
For the sake of simplicity, we do not consider cancellations and no no-shows. But this study provides a good basis from which to address the cancellations in future studies. In addition, there is no consideration on the loss of productive time when tables need to be physically combined. Ideally, the tables should be combined with adjacent ones. These physical constraints and moving inconvenience are not considered in this study.
Worthy of a mention, the MIP model can be implemented directly and solved with the B&B algorithm in commercial software such as SAS TM optimizer or Cplex TM . To solve the problem with guaranteed computational time, we propose a heuristic algorithm. This heuristic solution performs satisfactorily, reaching about 90% of optimality on average.
The implementation includes two applications. The first application simply compares the current bid price for each table with the expected revenue from the ongoing reservation. This is a real time process and it takes no time to either accept or reject the reservation party. Customers do not have to wait. The second application provides update to the current bid price. It periodically runs one of the table assignment models in section 3 based on the current booking situation and remaining forecast. Depending on serve's computing power, the model may take seconds to minutes to complete. This means the bid price in application 1 is updated at least every a few minutes.
Our extensive numerical tests based on the operations data show a significant revenue improvement potential from our proposed model that allows table combination. Given the daily revenue increases per restaurant in the testing cases, it is expected to have a significant revenue increase over the 43 locations in a year. We believe this proposed optimization method has general application potential in the restaurant industry.
